We review the different performance limitations of circular colliders, namely the limitations of energy reach, maximum attainable luminosity and beam lifetime. This paper considers only head-on collisions. We consider the range of beam energies from 45GeV to 250 GeV and collider circumferences from 20 to 100kms.
Introduction
Recent interest in circular + − colliders has prompted a debate about ultimate limits of the current technology (and ultimately what it would take to overcome them). We attempt a simplification of the large parameter space with the aim to produce an easy to calculate "hand-out" for circular collider performance.
The major limitations of circular colliders considered here are
• Power consumption limitations that affect the luminosity
• Machine dimension limitations that affect the luminosity and the energy reach
• Beam-beam interaction limitations that affect the luminosity, and finally
• Beamstrahlung (BS) limitations that affect beam lifetimes (and ultimately luminosity)
Energy reach
In a circular collider the energy reach is a very steep function of the bending radius. The energy loss per turn is given by: 
Where is the beam energy and the bending radius. We consider that a reasonable way to approach this problem is by looking at what percentage of a tunnel of a circular collider would be taken up by the RF acceleration system. Clearly, a circular collider with an RF system longer than the circumference of the machine would make no sense. To get a realistic and quantitative plot, one needs to use assumptions about reasonable accelerating gradients that are achievable and reasonable dipole fill factors. We have used the following assumptions:
-RF gradient: 20MV/m -Dipole fill factor in the arcs: 85% (for comparison, LEP was 87%) -RF head room (available voltage over energy loss): 30% Then the energy reach for a specific ratio of RF system length to the total length of the arcs can be plotted, as shown in Figure 1 .
LEP2 had a ratio of RF to bend length of 2.2%. FCC-ee operating at 175GeV and with a bending radius of 11000m [1] would be comfortably sitting below the 1% line. The energy reach of a 11000m radius accelerator can be 236GeV per beam (472GeV E CM ) for an RF system of 2% the length of the bending system under the assumptions stated above.
Luminosity
In a circular accelerator and for head-on collisions, luminosity is given by where is the revolution frequency of the accelerator, is the number of bunches in the machine, is the number of electrons (positrons) per bunch, , is the beam size in x and y, and ℎ is the geometric hourglass factor. This can be re-written in terms of the vertical beam-beam parameter, ξ y ,
where = 2 2 is the classical radius of the electron, its mass, its charge, c the speed of light, * the vertical beta function at the interaction point, and the total SR power dissipated by one beam ,
where ρ is the bending radius of the machine and the beam energy. The luminosity formula we can thus derive is 
This is a rather simple formula and therefore the maximum luminosity of a circular collider can easily be inferred by knowing the total power consumed, the bending radius of the ring, the maximum vertical beam-beam parameter, the hourglass factor and the vertical beta function. In more convenient units, the formula becomes:
Where the value of ℎ = 0.83 corresponds to a * value of 1 mm and a longitudinal beam size at the IP of 1.2 mm.
We need to stress that the luminosity in formula (6) is valid only in the case that the accelerator is realizable: one for instance cannot insist on an arbitrary low value of * . However, we believe that the numbers given in parenthesis are numbers that are realisable.
Therefore at a given energy the luminosity of a circular collider is proportional to the SR power dissipated.
The relationship with the bending radius is not as straightforward, as there is a dependence of the maximum achievable on the damping decrement which increases with smaller bending radius. For a fixed the luminosity increases linearly with the bending radius . cannot increase beyond a limit usually referred to as the beam-beam limit,
. If we assume as suggested in [2] that ∝
then ℒ ∝ 0.6 0.7 . We need to stress that there is considerable debate regarding the dependence of on the damping decrement (and, therefore, ).
The relationship of luminosity with beam energy is not straightforward either, as at high energies it is increasingly difficult to be able to run at the beam-beam limit without having beam lifetime issues. Figure 6 ). We should also stress that the above formula assumes a constant hourglass factor, which is a simplification (the longitudinal beam size is larger at lower energies and at high BS effects, see section 4 below).
The beam-beam parameter in the horizontal plane is defined in a similar manner to eqn. (3):
Therefore, imposing that the machine has the same beam-beam parameter in both planes gives the relationship:
where and are the horizontal and vertical emittances of the machine.
To maximise the luminosity for a given machine with a given bending radius and power consumption, one needs therefore to operate at the beam-beam limit (given by machine parameters), decrease * as much as achievable and at the same time keep ℎ as close to 1 as possible by ensuring that the longitudinal beam size is kept as small compared to * as possible. To demonstrate the achievable luminosities of circular colliders we have assumed the latest TLEP parameters of = 50 per beam, = 11 , * = 1 , ℎ = 0.75 (corresponding to a longitudinal bunch length of 2mm), and various values of . The results can be seen in Figure 2 . We need to stress however that such a machine, to be realizable in practice, should yield reasonable beam lifetimes due to beamstrahlung, as discussed in section 4 below. 
3.1.

The hourglass reduction factor
The geometric reduction factor in luminosity when the longitudinal beam size is similar to the focusing of the beams at the interaction point is referred to as the hourglass factor ℎ . It is not desirable to operate a machine with longitudinal beam sizes much smaller than * . Apart from losing We have calculated this factor using the approximation in [3] . The variation can be seen in Figure 3 . For typical designs as in [1] , where the longitudinal RMS bunch length ranges from 120% to 260% of the vertical * value, it varies between 0.64 and 0.82.
Figure 3:
Variation of the hourglass factor as the longitudinal beam size changes from 0 to 5mm, while the vertical * is 1mm
The beam-beam parameter
The strength of the (non-linear) lens effects when one beam crosses the other at the interaction point is measured by the beam-beam parameter which in the vertical plane is defined by eqn. (3). For low beam-beam parameter values, is equal to the observed tune shift. There exists a maximum value for which essentially is a function of the amount of damping present between interaction points, the damping decrement :
Where = 1
Or more conveniently
And in terms of beam energy and bending radius There is considerable debate as to the exact form of the function ( ). Reference [2] find that the best fit to the LEP data is ∝ 0.4 . Figure 4 shows the relative luminosity of a circular collider, compared to a circular collider of bending radius of 10 km, as a function of bending radius for different functions for . A 5 km radius accelerator, for instance, would deliver between 0.5 and 0.66 of the luminosity of a 10 km accelerator, depending on if is independent of the damping decrement or if it is of the form ∝ 0.4 .
Figure 4:
Relative luminosity of circular accelerators versus their bending radii (compared to an accelerator with bending radius of 10km), for different assumptions of the relationship of and the damping decrement. We show here curves obtained for different values of the exponent p assuming the relationship between the maximum beam-beam parameter and the damping decrement to be of the form ∝
4.
Beamstrahlung
The relevance of the beamstrahlung process in hindering the performance of circular colliders has recently been pointed out by V. Telnov [4] .
Beamstrahlung is the synchrotron radiation emitted by an incoming electron in the collective electromagnetic field of the opposite bunch at an interaction point. The main effect at circular colliders at high energy is a (single) hard photon exchange taking the electron out of the momentum acceptance of the machine. If too many electrons are lost, the beam lifetime is affected.
At low energies in circular colliders the main effect of beamstrahlung is an increase of equilibrium energy spread and bunch length [5] . 
4.1.
Beamstrahlung lifetime
The energy spectrum of emitted photons during a collision of two intense bunches (this is the usual bremsstrahlung formula) is characterized by a critical energy
where ρ is the radius of curvature of the affected electron which depends on the field he sees
And in the case of head-on collisions the maximum field for flat beams can be approximated by
So for the maximum field becomes
And the critical energy is equal to
where is the classical radius of the electron = 2 2 , the fine structure constant = 2 ħ , and 0 = 0 / 2 . This is the critical energy for the maximum field, it would be smaller for a lower field.
Telnov uses the approximation that 10% of electrons see the maximum field, and 90% see no field at all. This is an approximation that needs to be verified with simulation. We call this fraction
Electrons are lost if they emit a gamma with energy larger than the momentum acceptance, η:
The number of photons with ≥ 0 is given by:
Where is the collision length, approximated by = 2 .
The interaction frequency (revolution frequency times number of interaction points) is given by
Where R is the geometric radius of the machine (and not the bending radius). Therefore, the beam lifetime due to beamstrahlung (BS) is
A. Bogomyagkov et al. [6] arrive at a slightly different formula
Where in this case
It should be noted that the problem of BS lifetime becomes important at high energies. This is because for a specific ring, power consumption, emittances and ξ, the number of particles per bunch scales with gamma as can be seen by rearranging eqn. (3):
And, therefore, scales with −2 . This produces a steep drop in lifetime with increased energy.
The beam BS lifetimes depend on the specific implementation. Essentially, they depend on ( ) which should be maximized. Also, the minimum tolerable beam lifetime would depend on accelerator specifics, namely on the period of top-up injection. It should be noted here that beam lifetimes due to unavoidable Bhabha interactions for such high-luminosity implementations are O(10 The BS lifetimes calculated with both formulas can be seen in Figure 5 . Here we have fixed the momentum acceptance at 2% and the other accelerator parameters to the TLEP parameters for 175GeV running [1] with the exception of the vertical beam-beam parameter where we use the two values, = 0.056 and = 0.09 , corresponding to the 175GeV and 120GeV TLEP design. For the specific TLEP design, the fill up period is of O(10s), meaning that beam lifetimes above 100 s are tolerable, and about 1000 s comfortable. The difference between the two formulas in the region of most interest (above 170GeV, where BS lifetimes become short), is small (maximum factor of 3).
Figure 5:
Beam lifetimes due to beamstrahlung following the specific implementation in [1] and a momentum acceptance of 2% for two different beamstrahlung formulas and two vertical beam parameters.
It should be stressed that both formulas contain approximations, so simulation would be an important tool in verifying any design.
4.2.
Beamstrahlung -induced energy spread and bunch length
Another important effect of beamstrahlung, more relevant at low energies, is the increase of the energy spread and therefore bunch length. Since the beamstrahlung effect depends on bunch length (the larger the length the smaller the effect), an equilibrium bunch length is reached where the BS effect is just big enough to sustain it. The BS energy spread and bunch length contributions need to be added to other contributions, notable the contribution due to synchrotron radiation.
For the formulation we use the approach and approximations in [1] .
The strength of the beamstrahlung is characterized by a parameter Ψ that can be expressed as
1.00E+00
1.00E+01
1.00E+02
1.00E+03 The average number of photons emitted per collision is roughly given by
and the average relative energy loss by
The additional relative energy spread due to beamstrahlung can now be estimated to be
Where 0 is the longitudinal damping time expressed as number of turns. This additional relative energy spread can now be added in quadrature to the energy spread due to other factors (primarily the SR energy spread) to obtain the total relative energy spread. The self-consistent full energy spread can then be obtained iteratively, as the BS energy spread depends on the bunch length, itself a function of energy spread.
Luminosity limitations -the two regimes
We have seen that there are essentially two limitations on the maximum achievable luminosity of a circular collider, given its dimensions and power consumption. At low energies, performance is dominated by the beam-beam limit, whereas at high energies by the Beamstrahlung lifetime.
To illustrate at what beam energy the switchover from a beam-beam dominated machine to a beamstrahlung dominated one happens, we have chosen to use beam-beam parameter space ( Figure 6 ). The beamstrahlung curve is obtained by fixing the BS lifetime to 300 s and noting at what vertical beam-beam parameter this happens. The machine bending radius is 11 kms, the vertical beta* 1mm, the vertical emittance 2pm and the momentum acceptance 2%. The bunch length is the equilibrium bunch length taking into account the beamstrahlung and the synchrotron radiation contributions. The synchrotron radiation contribution to the bunch length is not constant but computed from a fixed momentum compaction factor = 5 × 10 −6 , synchrotron tune = 0.1 and longitudinal damping partition number = 2 , that are taken from the 175 GeV parameter set of reference [1] .
As we go higher in energy, to keep the same lifetime we need to increase the number of bunches (or decrease the number of electrons per bunch). We use the formula of reference [6] for the BS lifetime computation. Note that in this representation ( in vertical beam-beam parameter space) the resulting curve does not depend on the horizontal emittance.
As can be seen from the figure, with the parameters stated above the switchover happens at around 145-170GeV depending on the momentum acceptance of the machine (in this case 1.5 or 2%), above which the machine cannot run at its theoretical maximum beam-beam parameter. At 175GeV the performance of the machine is reduced by about 25% to 50% (for momentum acceptance values of 2% or 1.5% respectively), compared to a purely beam-beam dominated machine with these parameters. For smaller machines, the maximum beam-beam parameter curve moves up due to larger damping, and for example a machine with a bending radius of 3.1kms (LEP3) would become beamstrahlung dominated above 126GeV (everything else being equal). The cross-over for different size rings are shown in Table 1 . The assumptions used are a vertical emittance of 2pm, a fixed contribution to the bunch length due to synchrotron radiation of 1.2mm, vertical beta* of 1mm, and momentum acceptance of 2%. It is interesting to note that all machines are beamstrahlung dominated at the top threshold (175 GeV) and none is beamstrahlung dominated at the Higgs running (120 GeV).
To push the cross-over to higher energies, we need to reduce the vertical emittance further than the 2 pm assumed here, or have higher momentum acceptance than the currently assumed 2%, or increase the longitudinal bunch length due to SR. Performing the latter decreases the luminosity due to the hourglass effect, but eases the BS problem, ultimately allowing for higher luminosity that not only compensates the loss due to the hourglass effect, but allows a net gain. Changing the emittance and therefore the beam size horizontally does not change the beam-beam parameter or BS lifetime. Simply the number of electrons per bunch compensate for this change in horizontal beam size.
Figure 6:
Cross over between beam-beam dominated and beamstrahlung dominated machine for a circular collider with circumference 100 kms and the rest of the parameters as in the parameter table of [1] for a machine running at 175 GeV: Vertical emittance of 2 pm, vertical beta* of 1mm, and momentum acceptance of 2%. The longitudinal beam size due to synchrotron radiation varies with energy using = × − , = 0.1 and = 2. The overall longitudinal bunch length is the equilibrium one. In this case the crossover is 144GeV for momentum acceptance of 1.5% and 169GeV for momentum acceptance of 2%. The solid curve shows the energy dependence of the vertical beam-beam parameter assuming a . dependence and a value of 0.09 at 120GeV as in [1] .
6.
Conclusions
We have presented the main limitations of a circular + − collider, applicable to the suite of circular colliders being discussed following the Higgs boson discovery. The limitations concern energy reach, maximum achievable luminosity and beam lifetimes due to beamstrahlung. The luminosity of such a collider is proportional to the SR power consumed in the arcs, and rises with the collider bending radius. The beamstrahlung lifetime depends on the specific implementation (momentum acceptance, vertical emittance, vertical beta*, ring size, top-up frequency) . For the implementation of FCC-ee [1] , the machine becomes beamstrahlung dominated above 150GeV beam energy.
Collisions at an angle and more exotic schemes are not covered here and merit a separate publication. 
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